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Introduction

In recent years the search of new nonlinear optical (NLO) mate-
rials in the ultraviolet (UV) spectral region, especially for the 
wavelength of 266 nm, has attracted intense attentions [1–5].  
In particular, three new rare earth borate crystals were syn-
thesized successfully: La9Na3B8O27 (L9NB) [6], La2Na3B3O9 
(L2NB) [7] and La2CaB10O19 (LCB) [8], which all contain 
the rare-earth element Lanthanum. Generally it is difficult for 
the short-wave absorption edges of the rare-earth compounds 
to reach the UV region where the wavelength is shorter than 
300 nm because of the optical absorption from the d–d or f–f 
electronic transition. However, these unfavored transitions can 
be effectively inhibited in the rare-earth La3+ cations since 
their d electronic shells are fully-occupied (4d10). The energy 
band gaps for the three compounds are larger than 5.5 eV, i.e.  

their UV absorption cutoffs are less than 230 nm [9–11]. More
over, the second harmonic generation (SHG) effect in L9NB is 
about five times as strong as that of KDP (~0.39 pm V−1) [6],  
while the SHG effects in L2NB and LCB are about twice as 
strong as that of KDP [7, 8]. Thus, these lanthanum borates 
are very promising NLO materials for producing second har-
monic generation (SHG) in the UV spectral region, such as 
for the 266 nm laser. Interestingly, the NLO effects in these 
compounds are generally larger than those in the alkaline and 
alkaline earth borates which are commonly used to produce 
the UV coherent output, such as LiB3O5 [12], BaAlBO3F2 
[13] and K2Al2B2O7 [14]. Therefore, it is very desirable to 
investigate the mechanism for the NLO responses in these 
three crystals. The understanding of structure–property rela-
tionship would greatly prompt the development of rare earth 
UV NLO borates.
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The structures of L9NB, L2NB and LCB are displayed in 
figure 1. Their space groups are P

−
62m, Amm2, and C2, respec-

tively. In the three crystals, the basic building blocks are 
borate groups: (BO3)3− anionic groups for L9NB and L2NB, 
and (B5O12)9− anionic groups for LCB. In L9NB and L2NB 
the (BO3)3− groups are isolated from each other [6, 7], while 
in LCB the (B5O12)9− groups are linked together to form the 
infinite 2D double layers, which are almost perpendicular to 
the c-axis [8]. The La3+, Na+ or Ca2+ cations are located in the 
interstices. According to the anionic group theory proposed by 
Chen [15], the B–O groups are supposed to play a dominant 
role in producing the SHG effect in the UV borate crystals, 

and the contribution from highly ionic cations, such as alka-
line and alkaline earth cations (Na+ or Ca2+), is neglectably 
small. However, it is unclear whether this theory is still valid 
for the lanthanum borates, considering the relatively strong 
covalent characteristics of the La3+ cations. The clarification 
of this question is helpful for the understanding of the roles 
of rare earth elements in the NLO properties in these borate 
NLO crystals.

In this paper, we present the first-principles studies on the 
NLO properties in L9NB, L2NB and LCB. The electronic 
structures and NLO coefficients are calculated, which match 
well with the experimental results. Moreover, the real-space 
atom-cutting method and the SHG-density analysis have 
been adopted to investigate the respective contribution from 
the constituent ions (or groups) to the optical properties. It is 
demonstrated that the contributions from La–O groups to the 
NLO properties are comparable to those from the B–O groups 
in LCB, and even larger in L9NB and L2NB.

Computational methods

The electronic structures of the three crystals are calculated 
by the plane-wave pseudopotential method [16] implemented 
in the CASTEP package [17]. The exchange-correlation (XC) 
functional is described by the local density approximation 
(LDA) [18]. The core-electron interactions are modeled by the 
norm-conserving pseudopotentials [19] with the 1s electrons 
for B, O and Na, the 1s, 2s, and 2p electrons for Ca treated 
as core electrons. For La the 5d16s2 electrons are treated as 
valence electrons, in which the f orbitals are not included. It is 
because the f orbitals never form efficient covalent bond with 
oxygen s or p orbitals at close distance, and for larger dis-
tance, these orbitals again has poor overlap with oxygen since 
they are highly localized. Moreover, the relativistic treatment 
is applied on the La pseudopotentials [20, 21]. Kinetic energy 
cutoffs of 770 eV for L9NB and L2NB and of 550 eV for 
LCB, and Monkhorst–Pack k-point meshes [22] spanning less 
than 0.04 Å−3 in the Brillouin zone are chosen to ensure the 
sufficient accuracy for the present purposes [23].

Based on the electronic band structures, the imaginary part 
of the dielectric function is calculated from the electronic 
transition between the occupied and unoccupied states caused 
by the interaction with photons [24]. The real part of the die-
lectric function is then determined using the Kramers–Kronig 
transform, from which the birefringence Δn are obtained. 
The birefringence is a key parameter to determine the phase-
matching condition for the NLO production in a crystal. 
Furthermore, the second order susceptibility χ(2) and SHG 
coefficient dij (dij  =  1/2 χ(2)) is calculated using an expression 
originally proposed by Rashkeev et al [25] and developed by 
Lin et al [26]:

( ) ( ) ( )χ χ χ χ= + +VE VH two bands ,ijk ijk ijk ijk

where χijk (VE) and χijk (VH) denote the contributions from 
virtual-electron processes and virtual-hole processes, respec-
tively, and χijk (two bands) gives the contribution from two 
band processes to χ(2). In detail, the formulae for calculating 
χijk (VE), χijk (VH) and χijk (two bands) are listed as following:

Figure 1.  Unit cells for (a) L9NB, (b) L2NB, and (c) LCB. Violet, 
green and cyan balls are Na, Ca, and La atoms, respectively. The 
B–O groups are shown in magenta polyhedra; the (BO3)3− groups 
in L9NB and L2NB, and the (B5O12)9− groups in LCB.
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Here, i, j and k are Cartesian components, v and ′v  denote 
VB, and c and ′c  denote CB. P(ijk) denotes full permutation. 
It should be emphasized that the refractive indices and SHG 
coefficients can be accurately obtained by DFT in principle 
because these optical properties are determined by the virtual 
electronic excited processes which are described by the first- 
and second-order perturbations, respectively, on the ground 
state wavefunctions.

Based on the calculated dij, one can obtain the powder SHG 
effect 〈dpowder〉 by Kurtz–Perry method [27], i.e.:
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In the 〈dpowder〉 calculations, the particles for the simulation 
samples are assumed to be the same sizes as the measured 
ones. Thus, it is not necessary to consider the dependence of 
〈dpowder〉 on particle size.

In order to quantitatively identify the respective contribu-
tion from the constituent ions (or groups) to the overall NLO 
response, a real-space atom-cutting technique is employed 
[26]. Within this technique, the contribution of ion A to the 
nth-order susceptibility (denoted as χ(n)(A)) is obtained by 
cutting all ions except A from the original wave functions 

χ(n)(A)  =  χ(n)(all ions except A are cut). Meanwhile, the 
SHG-density analysis [28, 29] is performed to give an intui-
tive visualization of the orbitals that contribute to the SHG 
effects in the real space. In this scheme, the considered SHG 
coefficient is ‘resolved’ onto each orbital or band, and then the 
SHG-weighted bands are used to sum the probability densities 
of all occupied (valence) or unoccupied (conduction) states. 
Thus, the quantum states irrelevant to SHG are not shown in 
the occupied or unoccupied ‘SHG-densities’, while the charge 
densities vital to SHG are highlighted in the real space.

Results and discussions

The electronic band structures along the symmetry lines in 
the Brillouin zones for L9NB, L2NB and LCB are plotted 
in figure 2. It is shown that L9NB and LCB have direct band 
gaps of 3.31 eV and 4.72 eV, respectively, while L2NB has 
an indirect band gap of 2.70 eV. These calculated values 
are smaller than the experimental data (5.53 eV for L9NB 
[9], 5.86 eV for L2NB [10] and 7.31 eV for LCB [11]). It is 
because LDA usually underestimates the energy band gap for 
wide-gap insulators due to the discontinuity of XC energy 
[30]. In order to calculate the optical coefficients, the scissors 
operator [31] is introduced to shift all the conduction bands 
(CB) up to match the experimental band gap. The scissor-
corrected LDA method is simple, but this method can obtain 
the linear and nonlinear optical properties in good accu-
racy for the UV borate system [32]. It should be noted that 
although the hybrid functionals are much better than LDA for 
describing the XC interactions and more suitable for the band 
gap prediction, they introduce the non-local components into 
the Hamiltonian [33]. The addition of the non-local poten-
tial makes the commutator with the Hamiltonian extremely 

Figure 2.  Electronic band structures for (a) L9NB, (b) L2NB and (c) LCB.

Table 1.  Comparison of the linear and nonlinear optical properties 
between scissors-corrected LDA and hybrid functionals (PBE0) 
method in L2NB crystal.

L2NB Δn d31 d32 d33 〈dpowder〉

Exp. 0.023 1.45 0.67 −1.06 2  ×  KDP
Cal. by LDA 0.013 0.94 0.47 −0.44 1.9  ×  KDP
Cal. by PBE0 0.009 0.68 0.38 −0.29 1.3  ×  KDP

J. Phys.: Condens. Matter 27 (2015) 485501
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complex, thus breaks the usual expressions for transforming 
the optical matrix element from the position operator to 
the momentum operator, which might deteriorate the accu-
racy of optical property prediction. For a confirmation the 
comparison of optical properties calculated by scissor-cor-
rected LDA and hybrid functionals in the studied crystals, 
for example, in L2NB, is shown in table  1. Of course, the 
scissors operators are usually determined by the difference 
between experimental and DFT bandgaps. However, our pre-
vious study demonstrated that the scissors operators can also 
be accurately determined by the difference between hybrid 
functionals (e.g. PBE0, B3LYP or sX-LDA) bandgaps and 
LDA bandgaps in the UV borate system [32]. This actu-
ally provides an ab initio path to predict the SHG properties 
without introducing any experimental data.

The total density of states (DOS) and the partial density 
of states (PDOS) projected on the constituent elements of the 
three crystals are displayed in figure  3, from which several 
common characteristics can be deduced: (i) The inner valence 
orbitals for the constituent ions (i.e. 2s orbitals for oxygen and 
boron, 2s and 2p orbitals for sodium, and 3s and 3p orbitals for 
calcium) are located at the deep region of the valence bands 

(VB) below  −10 eV. These orbitals are quite localized, exhib-
iting the very weak interaction with other orbitals. (ii) The 
valence bands from  −10 eV to 0 eV are mainly composed of 
the 2p orbitals of oxygen and boron, but the O 2p orbitals have 
dominant contribution to the top of VB. The large hybridiza-
tion between oxygen and boron orbitals indicates the forma-
tion of strong covalent bonds in the B–O groups. Moreover, 
the La 5d orbitals also have some contribution to the upper 
parts of the VB, and their hybridization with O 2p orbitals 
is clearly exhibited. This indicates that there exist covalent 
interactions between La3+ cations and O2− anions. Similar 
conclusions can be deduced from the Mulliken population 
analysis as listed in table 2. It is clear that although the La–O 
bond populations are smaller than those on B–O bond, the 
reasonably covalent interactions between La and O are indeed 
presented in the three studied crystals. Meanwhile the La–O 
bond lengths are larger than the B–O bond lengths due to 
the larger size of the lanthanum cations. Normally, the larger 
La–O bond distance corresponds to the smaller covalency [34, 
35]. However, under the restriction of symmetry some small 
bond lengths could also correspond to small covalency (e.g. 
in L2NB, a La–O bond length of 2.437 Å corresponds to the 

Figure 3.  DOS and PDOS for (a) L9NB, (b) L2NB and (c) LCB. Black, red and blue curves represent s, p, d orbitals, respectively. Dashed 
straight lines indicate the VB maximum.

Table 2.  Mulliken bond populations and bond lengths of L9NB, L2NB and LCB.

L9NB L2NB LCB

Bond Population Length (Å) Bond Population Length (Å) Bond Population Length (Å)

B–O 0.91 1.377 B–O 0.98 1.312 B–O 0.97 1.333
0.88 1.385 0.94 1.348 0.90 1.356
0.89 1.402 0.90 1.389 0.83 1.357

La–O 0.32 2.423 0.87 1.388 0.81 1.373
0.21 2.455 La–O 0.21 2.437 0.57–0.76 1.382–1.518
0.29 2.466 0.46 2.468 La–O 0.41 2.298
0.25 2.542 0.13 2.530 0.21 2.520
0.11 2.573 0.19 2.597 0.19 2.550
0.01 2.677 0.03 2.652 0.10 2.633
0.07 2.704 0.23 2.682 0.10 2.697
0.21 2.769 0.07 2.669

0.04 2.779

J. Phys.: Condens. Matter 27 (2015) 485501
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bond population of 0.21). This actually prompts the asym-
metry of electronic distribution in the high-coordinated La–O 
polyhedra, and enhances the microscopic SHG response in 
these groups. (iii) The conduction band (CB) bottom is domi-
nated by the 5d orbitals of lanthanum, with a quite large con-
tribution from the 2p orbitals of boron and oxygen. The upper 
part of CB is composed of the orbitals of all constituent atoms. 
Since the optical properties of a crystal in the visible and UV 
regions are mainly determined by the electronic states close to 
the energy band gap [28, 36], it is expected that the B, O and 
La ions have major contribution to the optical birefringence 
and SHG effects in the three crystals. In addition, the PDOS 
diagrams of L9NB and L2NB are similar to each other, but are 
somewhat different from that of LCB. For L9NB and L2NB, 
the upper parts of VB of B and O are distributed from  −6.5 
to 0 eV, while for LCB are from  −9.5 to 0 eV. This is largely 
due to the different B–O building blocks: in L9NB and L2NB 
the building units are isolated (BO3)3− groups, while in LCB 
are (B5O12)9− groups, which are linked together to form the 
infinite 2D double layers.

The birefringence Δn, PSHG effect 〈dpowder〉 and SHG 
coefficients dij for L9NB, L2NB and LCB are calculated and 
the results are listed in table  3, together with the available 
experimental data [10, 11, 37] for comparison. It is clear that 
the calculated values show a reasonable agreement with the 
experimental results, demonstrating the validity and accuracy 
of the first-principles method on the studied crystals. In order 
to further investigate the respective contribution of the constit-
uent ions to the NLO responses, the atom-cutting technique 
is adopted. The cutting radii for B, O, La, Na, and Ca are set 
as 0.88 Å, 1.11 Å, 1.30 Å, 1.22 Å, and 1.26 Å, respectively, 
following the strategy presented in [26]. It is well known that 
the large covalent chemical bonds are formed between boron 
and oxygen ions, and the B–O groups need to be considered 

as a whole. As a comparison, the sodium and calcium cat-
ions are strongly ionic and the surrounding charge densities 
are in spherical shape, so can be treated as isolated cations 
to be individually ‘cut’. As for the lanthanum cations, since 
their interaction with the neighbor oxygen anions is reason-
ably covalent, as shown in the above electronic structure cal-
culations, the La and O ions cannot be separately considered. 
In fact, if the La3+ cations are treated as isolated ions in the 
atom-cutting calculations, the sums of the SHG coefficients  
of B–O groups, Na+ (or Ca2+) cations and La3+ cations 
(see table 3) in the largest SHG tensors, d22, d31 and d22 for 
L9NB, L2NB, and LCB are 1.44 pm V−1, −0.47 pm V−1, and   
−0.44 pm V−1, respectively, which are significantly smaller 
than the original values 2.23 pm V−1,−0.94 pm V−1 and 
−0.69 pm V−1. Therefore, the interactions between the La3+ 
cations and the neighbor ions (i.e. O2− anions) should not be 
ignored in the contribution to the overall SHG effects, and 
these ions must be considered as a whole in the atom-cutting 
calculations.

The real-space atom-cutting results for the birefringence 
and SHG coefficients in L9NB, L2NB and LCB are listed in 
table 3 as well, from which several conclusions can be sum-
marized: (i) The contributions of the alkaline or alkaline earth 
cations (Na+ or Ca2+) to the optical properties, both bire-
fringence and SHG effects, is negligibly small in the three 
crystals. This is also confirmed by the electronic structural 
analysis which shows few energy states of these cations near 
the energy band gap. (ii) The sum of the SHG coefficients 
from the respective B–O and La–O groups is larger than 
the original values, so is the birefringence. It is because the 
orbitals of the oxygen ions involved in these anionic groups 
are used twice in the real-space atom-cutting procedures.  
(iii) In the three crystals the anisotropy of the refractive 
indices, i.e. the birefringence, mainly comes from the strong 

Table 3.   Comparison between the calculated (Cal.) and experimental (Exp.) birefringence Δn (@ 1064 nm), powder SHG effects 〈dpowder〉 
(×KDP, d36 of KDP  =  0.39 pm V−1), and SHG coefficients dij (pm V−1) for L9NB, L2NB and LCB. The real-space atom-cutting results are 
listed as well.

Exp. Cal. Real-space atom-cutting results

L9NB (BO3)3− (La–O)a Na+ La3+

Δn 0.085 0.096 0.133 0.091 0.012 0.021

〈dpowder〉 (3–5)  ×  KDP 4  ×  KDP
d22 2.31 [37] 2.23 1.19 1.93 0.08 0.17

L2NB (BO3)3− (LaO9)15− Na+ La3+

Δn 0.023 0.013 0.011 0.008 0.005 0.011

〈dpowder〉 2  ×  KDP 1.9  ×  KDP
d31 1.45 [10] −0.94 −0.47 −0.71 −0.02 0.02
d32 0.67 −0.47 −0.37 −0.38 0.01 0.07
d33 −1.06 0.44 −0.21 0.09 0.03 0.19

LCB (B5O12)9− (LaO10)17− Ca2+ La3+

Δn 0.053 0.037 0.023 0.009 0.003 0.008

〈dpowder〉 2  ×  KDP 1.1  ×  KDP
d14 0.70 −0.08 −0.04 −0.13 0.01 −0.01
d21 0.58 0.58 0.46 0.19 0.01 0.06
d22 −1.04 [11] −0.69 −0.52 −0.44 −0.01 0.09
d23 0.25 −0.05 0.03 −0.02 ~0 0.04

aIncluding both (LaO8)13− groups and (LaO9)15− groups.

J. Phys.: Condens. Matter 27 (2015) 485501
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covalent (BO3)3− or (B5O12)9− groups. For the SHG effects, 
however, the contribution from the La–O groups is slightly 
larger than that from (BO3)3− groups in L2NB and L9NB, 
while the La–O groups and the (B5O12)9− groups have almost 
equal amounts of contribution in LCB.

Moreover, the SHG-densities of occupied and unoccupied 
states in LCB are displayed in figure 4 as a representative 
example. The SHG densities of occupied states (see figures 4(a) 
and (b)) show that the SHG weighted densities on the B–O 
groups (especially on O2− anions) are dominant, while those 
on Ca2+ and La3+ cations are very small. For the unoccupied 
states (figures 4(c) and (d)) the nonspherical SHG densities 
accumulated on La cations are clearly exhibited: the distribu-
tion shapes indicate that these densities are mainly composed 
of the d orbitals on La cations. Meanwhile, there are also 
reasonably large SHG densities distributed within the areas 
of La–O groups and B–O groups. Unlike the La3+ cations, 
the orbitals around Ca2+ cations are spherical and relatively 
localized with lower density values (see figure 4(d)). All these 
results demonstrate that the B–O groups and La–O groups con-
tribute dominantly to the overall SHG effects in LCB.

Similar to the situation in LCB, the SHG-densities are 
mainly distributed within the area of the La–O and B–O 
groups in L9NB and L2NB as well. Therefore, according to 
the SHG-density analysis of the title crystals, in addition to 
the B–O anionic groups, La3+ cations (and La–O groups) also 
play an important role in generating second harmonics, while 
the alkaline or alkaline earth cations make little contribution 
to the SHG effects. This is in accordance with the PDOS 
analysis (see figure 3) and the atom-cutting calculations (see 
table 3). In fact, these observations are also clearly exhibited 
in other rare earth NLO borates. For instance, in the crystal 
of YAl3(BO3)4 [29] the contribution of (YO6)9− groups to the 
SHG coefficients is more than two times of that of (BO3)3− 
groups, while the contribution of Al3+ cations is negligibly 
small.

It should be noted that the SHG process is an effect which 
happens during electronic transition between occupied and 
empty states, so a spherical charge density as ground state 
may still be non-symmetrically polarizable. This is why one 
benefit from visualizing the unoccupied state SHG-density 
as well, which will show either direction-preferred charge 

Figure 4.  The SHG-density of the VE processes in LCB. (a) occupied states in a plane that contains La, B, and O ions. (b) occupied states 
in a plane containing La, Ca, B, and O ions. (c) unoccupied states in a plane containing La, B, and O ions. (d) unoccupied states in a plane 
containing La, Ca, B and O ions.
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redistribution or charge-transfer excitation that could happen 
during the nonlinear charge response process. Unlike model 
calculations, our atomistic-realistic Kohn–Sham Hamiltonians 
do not assume reflection symmetry, i.e. parity is therefore not 
a good quantum number for its solution. It is not possible and 
unnecessary to specify parity in any Kohn–Sham orbital.

The structure–property relation analysis shows that the 
La3+ cations are chemically bonded to the neighbor oxygen 
ions. Figure 5 clearly shows that La–O polyhedral are strongly 
distorted. This structural feature, combined with the covalent 
chemical bonds, makes the La–O groups have large SHG 
responses which are comparable to or even larger than that of 
the B–O groups. It is noteworthy that in L9NB the (BO3)3− 
groups are all arranged parallel to the a–b plane (although the 
orientation of one quarter of the (BO3)3− groups is in opposite 
direction), and the geometrical superposition of the distortion 
of all (LaO8)13− and (LaO9)15− groups is largely along the 
b-axis (or the y-axis). As a comparison, in L2NB and LCB 
the B–O groups are located along the inclined directions. 
Therefore, the SHG coefficient (d22) in L9NB is much larger 
than the values in L2NB and LCB.

Conclusions

The UV NLO lanthanum borates La9Na3B8O27, La2Na3B3O9 
and La2CaB10O19 are theoretically studied, with the purpose 
of investigating their microscopic mechanism of the optical 
responses. The electronic structures, birefringence and SHG 
coefficients of the three crystals are determined by the first-
principles calculations based on the plane-wave pseudo-
potential method. The calculated results are in reasonable 
agreement with the experimental data. The SHG-density 
analysis demonstrates that orbitals of B, O and La ions are 

the main origins of SHG. A real-space atom-cutting analysis 
reveals that in the three crystals the contribution of the La–O 
groups to SHG effects are comparable to or larger than that of 
the B–O groups: the interactions between La and O ions, as 
well as the La–O distorted groups, are significantly respon-
sible for the optical nonlinearity. The combined contribution 
of La–O and B–O anionic groups results in the relatively large 
SHG effects in the crystals. We believe that these understand-
ings of the microscopic mechanism of the NLO properties 
in the three lanthanum borate crystals are beneficial for the 
research and design of new rare earth borate NLO materials.
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